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ON THE USE OF QUANTUM ALGEBRAS IN
ROTATION-VIBRATION SPECTROSCOPY
R. BARBIER AND M. KIBLER
Institut de Physique Nucle´aire de Lyon
IN2P3-CNRS et Universite´ Claude Bernard
43 Boulevard du 11 Novembre 1918
F-69622 Villeurbanne Cedex, France
Abstract. A two-parameter deformation of the Lie algebra u2 is used, in
conjunction with the rotor system and the oscillator system, to generate a
model for rotation-vibration spectroscopy of molecules and nuclei.
1. Introduction
Quantum algebras and quantum groups [1] are nowadays widely used in
physics. It is a point of fact that most of the physical applications of quan-
tum algebras are based on one-parameter deformations. Nevertheless, dur-
ing the last years, multiparameter (mainly two-parameter) quantum alge-
bras have been constructed [2-13].
In nuclear and molecular physics, one-parameter quantum algebras have
been used for describing rotation spectra of nuclei [14-16] and rotation-
vibration spectra of diatomic molecules [17-22]. In more details, we can
distinguish three kinds of models. First, models describing only rotation
spectra in terms of the Uq(su2) quantum algebra [14, 15, 17] or the q-
Poincare´ algebra [16]. Second, models describing only vibration spectra of
diatomic molecules and based on the q-deformation of the u2 ⊃ o2 chain
[18], or on the quantum algebra Uq(su1,1) [19] or on the q-deformation of
the Heisenberg algebra h4 [20]. Third, models describing rotation-vibration
spectra of diatomic molecules in terms of a q(j)-deformation of the Heisen-
berg algebra h4 [21] or a q-deformation of the u4 ⊃ so4 ⊃ so3 chain [22].
Recently, a two-parameter Hopf algebra [10] has been applied to the de-
scription of rotational spectra of superdeformed nuclei [23-25].
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The work presented in this communication constitutes a first step to-
wards a model for describing simultaneously rotation and vibration spectra
of molecules and nuclei. This model (to be developed in section 3) relies on
the use of two copies of the two-parameter quantum algebra Uqp(u2) (de-
scribed in section 2). The approach is entirely of a phenomenological nature
although it is implicitly based on the using of a non-rigid rotor system and
an anharmononic oscillator system.
2. The Quantum Algebra Uqp(u2)
We begin with a brief description of the quantum algebra Uqp(u2) restricted
to those aspects necessary for the model to be investigated here. Two-
parameter deformations of su2 and u2 have been considered by several
authors. We follow here the presentation of Refs. [10, 12, 13]. According
to Ref. [10], the quantum algebra Uqp(u2) is introduced by the following
commutation relations
[J0, Jα] = 0 [J3, J±] = ±J± [J+, J−] = (qp)
J0−J3 [[2J3]]qp (1)
between four operators Jα (α = 0, 3,+,−). In this work, we use the nota-
tions
[[X]]qp :=
qX − pX
q − p
[X]q := [[X]]qq−1 =
qX − q−X
q − q−1
(2)
for the qp- and the q-deformations of a real number or an operator X.
The generators Jα verify the co-product rules
∆(J0) = J0 ⊗ 1 + 1⊗ J0 (3)
∆(J3) = J3 ⊗ 1 + 1⊗ J3 (4)
∆(J+) = J+ ⊗ (qp)
J0(qp−1)+J3 + 1⊗ J+ (5)
∆(J−) = J− ⊗ 1 + (qp)
J0(qp−1)−J3 ⊗ J− (6)
Note that (5) and (6) depends on the two independent parameters q and
p. The universal R-matrix associated to the co-product ∆ reads
Rqp =


p 0 0 0
0 1 0 0
0 p− q pq 0
0 0 0 p

 (7)
in the representation 12 ⊗
1
2 .
The operator [10]
C2(Uqp(u2)) =
1
2
(J+J− + J−J+) +
1
2
[[2]]qp (qp)
J0−J3 ([[J3]]qp)
2 (8)
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is invariant under the generators of the quantum algebra Uqp(u2). It is
characterized by the judicious introduction of the element J0 which is itself
a linear invariant of Uqp(u2).
An irreducible representation of Uqp(u2), in which the operators J0 and
C2(Uqp(u2)) are simultaneously diagonal (in the case where neither q nor p
are roots of unity), is given by a Young pattern [ϕ1;ϕ2] with ϕ1 − ϕ2 = 2j
and ϕ1+ϕ2 = 2j0 where 2j0 and 2j are non-negative integers. We introduce
the vectors |j0jm) (with m = −j,−j + 1, · · · ,+j) as the basis vectors for
the representation [j0 + j ; j0 − j]. The vector |j0jm) is connected to the
highest weight vector |j0jj) by the relation [12]
|j0jm) = (qp)
−
1
2
(j0−j)(j−m)
√
[[j +m]]qp!
[[j −m]]qp! [[2j]]qp!
(J−)
j−m |j0jj) (9)
Note that the unusual introduction of the central element J0 in (9) comes
from the commutation relations (1) and will play a crucial role in what
follows. By using (9), we obtain the following action of the generators Jα
on the state vector |j0jm)
J0 |j0jm) = j0 |j0jm)
J3 |j0jm) = m |j0jm)
J± |j0jm) = (qp)
1
2
(j0−j)
√
[[j ∓m]]qp[[j ±m+ 1]]qp |j0jm± 1) (10)
Note that Eq. (10) gives back the Jimbo [1] representation of Uq(su2) when
p = q−1.
With the help of (10), the eigenvalues of (8) in the irreducible represen-
tation [j0 + j ; j0 − j] become
E(j0, j)qp = (qp)
j0−j [[j]]qp [[j + 1]]qp (11)
A factorisation of the eigenvalues (11) into a j0-dependent and j-dependent
part is given by
E(j0, j)qp = P
2j0−1 [j]Q [j + 1]Q (12)
where we use the notation (2) with the parameters
Q = (qp−1)
1
2 P = (qp)
1
2 (13)
as an alternative to q and p.
The calculation of the Clebsch-Gordan coefficients (CGc’s) correspond-
ing to the algebra homomorphism ∆ : Uqp(u2) −→ Uqp(u2)⊗Uqp(u2) defined
by Eqs. (3-6) is in progress. These coupling coefficients depend on the two
parameters q and p. It is to be emphasized that it seems not possible to
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express them in terms of only one of the two parameters Q or P given by
Eq. (13). In this respect, it is perhaps interesting to note that, should we
have chosen, instead of ∆, the co-product ∆qp defined by
∆qp(J0) = J0 ⊗ 1 + 1⊗ J0
∆qp(J3) = J3 ⊗ 1 + 1⊗ J3
∆qp(J±) = J± ⊗ (qp)
1
2
J0(qp−1)
+ 1
2
J3
+ (qp)
1
2
J0(qp−1)
−
1
2
J3
⊗ J± (14)
we would have obtained CGc’s depending only on the parameter Q (see
Appendix).
All what preceds is of pivotal importance for application to rotational
spectroscopy. We now continue with some aspects of Uqp(u2) useful in vi-
brational spectroscopy.
The quantum algebra Uqp(u2) can be constructed from two pairs, say
{a++, a+} and {a
+
−, a−}, of qp-deformed (creation and annihilation) boson
operators. The action of these qp-bosons on a non-deformed two-particle
Fock space {|n+n−〉 : n+ ∈ N, n− ∈ N} may be chosen to be controlled by
a++ |n+n−〉 =
√
[[n+ +
1
2
+
1
2
]]qp |n+ + 1 n−〉
a+ |n+n−〉 =
√
[[n+ +
1
2
−
1
2
]]qp |n+ − 1 n−〉
a+− |n+n−〉 =
√
[[n− +
1
2
+
1
2
]]qp |n+ n− + 1〉
a− |n+n−〉 =
√
[[n− +
1
2
−
1
2
]]qp |n+ n− − 1〉 (15)
The vectors |n+n−〉 are generated from
|n+n−〉 =
1√
[[n+]]qp![[n−]]qp!
(a++)
n+(a+−)
n
− |00〉 (16)
The two pairs {a++, a+} and {a
+
−, a−} of qp-bosons commute and satisfy
[8, 26]
a±a
+
± = [[N± + 1]]qp a
+
±a± = [[N±]]qp (17)
where N+ and N− are the usual number operators with
N± |n+n−〉 = n± |n+n−〉 (18)
Of course, the qp-bosons a+± and a± reduce to ordinary bosons in the lim-
iting situation where p = q−1 → 1.
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The passage from the (harmonic oscillator) state vectors |n+n−〉 to an-
gular momentum state vectors |jm) is achieved through the relations
j :=
1
2
(n+ + n−) m :=
1
2
(n+ − n−) (19)
and
|jm) ≡ |j +m j −m〉 = |n+n−〉 (20)
Equations (15) may thus be rewritten as
a+± |jm) =
√
[[j±m+
1
2
+
1
2
]]qp |j +
1
2
m±
1
2
)
a± |jm) =
√
[[j±m+
1
2
−
1
2
]]qp |j −
1
2
m∓
1
2
) (21)
so that the qp-bosons behave as ladder operators for the quantum numbers
j and m (with |m| ≤ j).
Contact with the quantum algebra Uqp(u2) may now be established. Let
us define the four operators J˜α (α = 0, 3,+,−) as
J˜0 :=
1
2
(N+ +N−) J˜3 :=
1
2
(N+ −N−) J˜+ := a
+
+a− J˜− := a
+
−a+ (22)
A simple calculation shows that the operators J˜α satisfy the same commu-
tation relations as the operators Jα [see Eq. (1)]. Consequently, Eq. (22)
provides us with a boson realization of Uqp(u2). We may ask what kind of
representation we thus obtain ? Indeed, repeated application of Eqs. (21)
yields
J˜0 |jm) = j |jm)
J˜3 |jm) = m |jm)
J˜± |jm) =
√
[[j ∓m]]qp[[j ±m+ 1]]qp |jm± 1) (23)
so that the boson realization (22) concerns the irreducible representation
[2j ; 0] for which j0 = j [cf. Eq. (10)].
At this stage, it is useful to mention the range of variation of the pa-
rameters q and p of interest for practical applications. As a matter of fact,
from Hermitean conjugation requirements, the values of the parameters q
and p must be restricted to some domains that can be classified as follows:
(i) q ∈ R and p ∈ R, (ii) q ∈ C and p ∈ C with the constraint p = q∗, and
(iii) q = p−1 = eiβ with 0 ≤ β < 2pi.
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3. A Model for Rotation-Vibration Spectroscopy
We are now in position to present a model for describing rotation-vibration
spectra of diatomic molecules and nuclei. This model relies on two dynam-
ical systems, viz., the non-rigid rotor system with the dynamical symmetry
Uqp(u2) and the anharmonic oscillator system with the dynamical symme-
try Usr(u2) ⊃ u1. One of the cornerstones of this model is the Hamiltonian
H = Erovib C2(Uqp(u2)) + Evib C(Usr(u2) ⊃ u1) + E0 (24)
where Erovib and Evib are two constants and E0 the zero energy term.
The first term C2(Uqp(u2)) is the invariant (8) of the quantum algebra
Uqp(u2) and thus is appropriate for the rotational part. We shall see how
to make this term vibration-dependent too by introducing a convenient
coupling with the second term C(Usr(u2) ⊃ u1). The latter term describes
the vibrational part. We take it in the form
C(Usr(u2) ⊃ u1) =
(
[[2J˜0]]sr
)2
− (sr)2(J˜0−J˜3)
(
[[2J˜3]]sr
)2
(25)
where J˜0 and J˜3 are defined by (22) and refer to a second quantum algebra
Usr(u2). The operator C(Usr(u2) ⊃ u1) is invariant under the generators
J˜0 and J˜3 of the chain Usr(u2) ⊃ u1. The Hamiltonian H clearly exhibits
the Uqp(u2)× (Usr(u2) ⊃ u1) dynamical symmetry.
The passage from the sr-boson state vectors |n+n−〉 [see Eq. (16)] to
the vibration state vectors |nv) is accomplished by means of
|nv) ≡ |n− v, v〉 (26)
In other words, we put
n = n+ + n− n− 2v = n+ − n− (27)
The total number n of sr-bosons is connected to the maximal vibration
quantum number vmax by vmax = n/2 or (n− 1)/2 depending wheather as
n is even or odd. On the other hand, the rotational state vectors are chosen
to be |j0jm) [see Eq. (9)]. The coupling between the rotational part and
the vibrational part is achieved by assuming that j0 = v. This leads to the
rotation-vibration state vectors
|nvjm) = |vjm) ⊗ |nv) (28)
where v and j are the vibrational and rotational quantum numbers, respec-
tively. The diagonalisation of H on the subspace spanned by the vectors
|nvjm) leads to the eigenvalues
E(n, v, j) = Erovib(qp)
v−j [[j]]qp[[j+1]]qp+Evib[[2v]]sr [[2(n−v)]]sr+E0 (29)
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Alternatively, Eq. (29) can be rewritten as
E(n, v, j) = ErovibP
2v−1[j]Q[j+1]Q+EvibR
2(n−1)[2v]S [2(n−v)]S+E0 (30)
where we have introduced the parameters
S = (sr−1)
1
2 R = (sr)
1
2 (31)
to be compared with the parameters Q and P of Eq. (13).
The model described by Eq. (29) depends on four quantum algebra
parameters (namely, q, p, s and r). In the most general situation, we thus
have eight real parameters. This number may be reduced following the
discussion at the end of section 2. Here, we shall limit ourselves to the case
(ii) of the latter discussion for the pairs (q,p) and (s,r). This yields four
real parameters. Furthermore, the consideration of limiting processes leads
us to take
q = p∗ = eβ cos γ e+iβ sin γ s = r∗ = eτ cos γ e+iτ sinγ (32)
so that we end up with three real parameters β, γ and τ . Then, Eq. (29)
becomes
E(n, v, j) = Erovib e
(2v−1)β cos γ sin(jβ sin γ) sin[(j + 1)β sin γ]
sin2(β sin γ)
+Evib e
(2n−2)τ cos γ sin(2vτ sin γ) sin[2(n− v)τ sin γ]
sin2(τ sin γ)
+ E0 (33)
Equation (33) can be developed as
E(n, v, j) =
∑
l,k
Ylk (v +
1
2
)l [j(j + 1)]k (34)
which resembles the Dunham [27] expansion obtained from the Morse os-
cillator system. The coefficients Ylk in Eq. (34) depends on the parameters
β, γ and τ (and also n which can be employed to characterize the anhar-
monicity constant of the oscillator). They shall be reported elswhere. It
should be noted that the limiting case γ = pi2 corresponds to a model where
the rotational and vibrational parts are decoupled; in this case, the only
non-vanhishing coefficients Ylk in Eq. (34) are of the type Y0k and Yl0.
4. Closing Remarks
We have concentrated in this work on an Uqp(u2) × (Usr(u2) ⊃ u1) model
that unifies and extends various models developed in recent years. The
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limiting cases (Erovib = 0, q = p
−1 = s = r−1 = eiτ ) and (Erovib = 0,
q = p−1 = s = r−1 = 1) correspond to the Uq(u2) ⊃ o2 model and u2 ⊃ o2
model worked out in Ref. [18] and Ref. [28], respectively, for vibrational
spectra of molecules, while the limiting case (Evib = 0, q = p
−1 = eiβ) cor-
responds to the Uq(su2) model introduced [15] for rotational spectroscopy
of nuclei. The particular case (Evib = 0, v = j0 = j) is nothing but the
Uqp(u2) rotor model successfully applied to rotatinal bands of superdformed
nuclei [23, 25].
A second important step towards the understanding of the dynamics
inherent to the Uqp(u2) × (Usr(u2) ⊃ u1) model remains to be made. This
represents a difficult task involving some difference equations and quantum
inverse scattering methods. Another appealing project should be to replace
the Fock oscillator states corresponding to Eqs. (15-18) by the states (which
do not have classical limit) recently introduced by Rideau [29]. We hope to
return on these matters in the future.
One of the authors (M.K.) would like to express his sincere gratitude
to Guy Rideau for his help, friendly advices and interesting discussions
on various occasions during the last ten years. Thanks are due to Guy
Rideau and Pavel Winternitz for useful comments at several stages of this
work. Finally, M.K. is indebted to Moshe Flato for friendly and constructive
criticism.
A. Clebsch-Gordan Coefficients
The CGc’s
(j01j02j1j2m1m2|j0jm)qp ≡ (m1m2|m)qp (35)
corresponding to the co-product ∆qp defined through Eq. (14) can be seen
to satisfy the following three-term recursion relations [12]√
[j ∓m]Q [j ±m+ 1)]Q (m1m2|m± 1)qp
= Q+m2
√
[j1 ±m1]Q [j1 ∓m1 + 1]Q (m1 ∓ 1,m2|m)qp
+ Q−m1
√
[j2 ±m2]Q [j2 ∓m2 + 1]Q (m1,m2 ∓ 1|m)qp (36)
which are identical to the ones [30] satisfied by the CGc’s (j1j2m1m2|jm)Q
of the quantum algebra UQ(su2). Therefore, there exists a proportionality
constant between the qp-CGc’s and the Q-CGc’s. For q and p real, reality
and normalization conditions can be used to justify that the proportion-
ality constant is taken to be equal to 1. In fact, this may be checked by
direct calculation: By adapting the method of projection operators used for
Uq(su2) in Ref. [31], we can show that
(j01j02j1j2m1m2|j0jm)qp = δ(j0, j01 + j02) (j1j2m1m2|jm)Q (37)
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with
(j1j2m1m2|jm)Q = (−1)
j1+j2−jQ−
1
2
(j1+j2−j)(j1+j2+j+1)+j1m2−j2m1
(
[j1 − j2 + j]![j1 + j2 − j]![j1 + j2 + j + 1]![j2 −m2]![j +m]!
[j − j1 + j2]![j2 +m2]![j −m]![j1 −m1]![j1 +m1]!
) 1
2
[2j + 1]
1
2
∑
z
(−1)zQz(j1+m1)[2j2 − z]![j1 + j2 −m− z]!
[z]![j1 + j2 − j − z]![j2 −m2 − z]![j1 + j2 + j + 1− z]!
(38)
where we have used the abbreviation [x]Q ≡ [x].
The results (37) and (38) can be also justified as follows. The universal
R-matrix associated to the co-product ∆qp reads
Rpq =


p 0 0 0
0 (pq)
1
2 0 0
0 p− q (pq)
1
2 0
0 0 0 p

 (39)
which can be factorised in terms of Q- and P -depending parts. Such a
factorisation corresponds to the decomposition
Uqp(u2) = u1 ⊗ UQ(su2) (40)
where UQ(su2) is spanned by
A0 := J0 A3 := J3 A± := (qp)
−
1
2
(J0−
1
2
) J± (41)
with the following commutation relations
[A3, A±] = ±A± [A+, A−] = [2A3]Q (42)
In terms of co-product, we have
∆qp(J±) = P
∆Q(A0)−
1
2 ∆Q(A±) (43)
where the co-product ∆Q is given via
∆Q(A0) = A0 ⊗ 1 + 1⊗A0
∆Q(A3) = A3 ⊗ 1 + 1⊗A3
∆Q(A±) = A± ⊗Q
+A3 +Q−A3 ⊗A± (44)
which relations correspond to the CGc’s (j1j2m1m2|jm)Q.
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